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Abstract
In this paper we establish two results concerning four-dimensional asymptotically flat
spacetimes at spatial infinity. First, we show that the six conserved Lorentz charges are
encoded in two unique, distinct, but mutually dual symmetric divergence free tensors that
we construct from the equations of motion. Second, we show that integrability of Einstein’s
equations in the asymptotic expansion is sufficient to establish the equivalence between
counter-term charges defined from the variational principle and charges defined by Ashtekar
and Hansen. These results clarify earlier constructions of conserved charges in the hyper-
boloid representation of spatial infinity. In showing this, parity condition on the mass aspect
is not needed. Along the way in establishing these results, we prove two lemmae on tensor
fields on three dimensional de Sitter spacetime stated by Ashtekar-Hansen and Beig-Schmidt
and state and prove three additional lemmae.
PACS: 04.20.-q Classical general relativity, 04.20.Ha Asymptotic structure
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1 Introduction and Summary of Results
The study of asymptotically flat spacetimes of vacuum Einstein gravity at spatial infinity has
a long history. Nevertheless, the topic has constantly been evolving through the years, see e.g.
[1, 2, 3, 4, 5, 6, 7] for a relevant sample of classic works before the eighties, [8, 9, 10, 11, 12, 13,
14, 15, 16] for a sample of works in the last thirty years and [12, 13, 14, 17, 18, 19, 20, 21, 22, 23]
for more recent works addressing higher curvature terms in the action. Even nowadays, some
subtleties in definitions of conserved charges at spatial infinity or in hypotheses underlying
validity of variational principles are not completely settled. There are at least two motivations
to further investigate asymptotically flat spacetimes at spatial infinity.
First, there has been recent progress in the realization of gravitational electric-magnetic
duality. In the linear theory around flat space, the spin-2 Fronsdal action is invariant under
a SO(2) rotation generalizing the electric-magnetic duality of electromagnetism to linearized
Einstein gravity [24, 25] (see also [26, 27, 28] and references therein). It has been shown that
this duality of the linear theory cannot be extended perturbatively to the 3-vertex in Einstein
gravity [29] using a proof similar to the one showing that electric-magnetic duality of free Maxwell
theory cannot be extended to Yang-Mills theory [30]. It is also well understood that in Einstein
gravity with a Killing symmetry, the mass and NUT charge of Taub-NUT spacetime can be
rotated into one another upon acting with the SO(2) generator of the Ehlers group obtained
after dimensional reduction. More generally in supergravity theories, the Ehlers gravitational
duality can be understood as an element of the U-dualities. These dualities were first described in
dimensionally reduced theories assuming the presence of Killing vectors [31]. Quite remarkably,
recent progress indicates that U-dualities might be a symmetry of supergravity theories without
assuming the existence of Killing vectors [32, 33, 34]. Furthermore, it has been shown that
Taub-NUT spacetime is asymptotically flat in the sense of Regge and Teitelboim [35]. In the
light of these results, it is tempting to speculate that gravitational electric-magnetic duality
with certain appropriately defined asymptotically flat boundary conditions might be realized in
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a non-perturbative or perhaps in a non-local sense so that it is not amenable to the treatment
of [29]. We shall not pursue this direction further in this paper but we take this possibility as a
motivation.
A second motivation for revising and exploring previous constructions of asymptotically flat
spacetimes is the still elusive nature of holography in flat space, see e.g. [36, 37, 38, 39, 40, 41, 42,
43, 44, 45] and references therein for attempts in this direction. Clear indications of holography
were found in the asymptotic structure of anti-de Sitter spacetime [46] before the AdS/CFT
correspondence was formulated [47, 48]. A universal object that one can derive from a given bulk
configuration is the conserved stress-energy tensor expressed as a variational derivative of the
renormalized action with respect to the boundary metric [49, 50, 51, 52]. In the asymptotically
flat context, although there are many subtleties, a satisfactory stress-tensor construction is now
available [16, 53, 54] for hyperbolic spatial and temporal cutoffs 1. The stress-tensor is related in
certain precise sense to the electric and magnetic parts of the Weyl tensor as shown in [53, 54].
On general grounds it was argued in [16], following [55], that Poincare´ generators defined by the
boundary stress-tensor should agree with other approaches [4, 5, 6, 7, 9, 10, 11]. However, the
details needed to show an agreement [53, 54] to Ashtekar-Hansen and related approaches are
quite non-trivial, to an extent that the underpinnings of why these calculations work are not
clearly understood. One aim of this work is to clarify this.
We address two problems in the framework of Beig-Schmidt expansion [56, 57] near spatial
infinity in the standard definition of asymptotically flat spacetimes in four dimensions without
NUT charges. First, we further elaborate on the discussion of [16, 53, 54] on how the six Lorentz
charges are encoded at the boundary in the form of conserved tensors. We point out that there
is not a unique conserved-tensor encoding these charges. Rather, a pair of uniquely defined
conserved tensors Vab and Wab can be associated with Lorentz charges. Charges constructed
using either Vab or Wab are well defined in the sense that adding additional symmetric and
divergence-free tensors constructed from non-linear combinations of the first order field does not
change the values of these charges. The fact that two conserved tensors appear at second order
might be surprising, but stems from the remarkable properties of Killing vectors and tensors on
three-dimensional de Sitter space. In short, rotations and Lorentz boosts are curl of each other,
D × ξrot = −2ξboost, D × ξboost = +2ξrot, (1.1)
and the conserved tensors Vab and Wab are also curl of each other up to conserved tensors that
do not contribute to charges. It then follows that Lorentz charges can be expressed in two
equivalent ways using either Vab or Wab, as developed in the main text. This observation was
also made in [53, 54], where Vab and Wab are directly related to the second order electric and
magnetic parts of the Weyl tensor. In this work we emphasize that these are general properties
of regular conserved tensors on three-dimensional de Sitter space and the analysis of [53, 54] can
be regarded as a special case of the discussion developed in the main text.
The second issue we address is the precise boundary condition on the mass aspect (field
σ in the Beig-Schmidt expansion) required to construct conserved charges of asymptotically
flat gravity. In this regard we first recall that there is a slight tension in the literature. To
show that the counter-term prescription of [16] gives a well defined variational principle for
1Recall that boundary ∂M of an asymptotically flat spacetimeM is not uniquely defined by the bulk spacetime.
It depends on the choice of the limiting procedure used to define, say, the Gibbons-Hawking term. We refer the
reader to [16] for a detailed discussion of these issues. In this work we exclusively work with hyperbolic spatial
and hyperbolic temporal cutoffs.
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asymptotically flat gravity, parity condition on the mass aspect is not required. However, to
show [53, 54] that the charges defined in [16] are equivalent to the Ashtekar-Hansen charges
[7, 58], the parity condition on the mass aspect was explicitly assumed. This creates some
tension: one would expect that a well defined action principle leads to a finite and conserved
symplectic structure and finite and conserved charges without requiring any extra boundary
condition. In this work, we solve partially this tension. We show that the parity condition
on the mass aspect is not required in order to establish the equivalence between the counter-
term charges and the Ashtekar-Hansen charges — integrability of Einstein’s equations in the
metric expansion is sufficient. We differ to further work [59] the resolution of the fact that the
symplectic structure is finite only when parity conditions are imposed [63] while the action is
finite for general values of the mass aspect without reference to any parity property [16]. We
also note that conserved charges associated with Lorentz boosts are not linear functionals of
the mass aspect. This result is in sharp contrast with the linearity in the boundary fields of
standard ADM conserved charges [2, 3, 4]. Linearity is only recovered once the mass aspect is
restricted to be parity even. This creates a new tension between definitions of conserved charges
considered in this paper and the ones defined in Hamiltonian formalism. We will also differ the
issue of resolving this tension to a forthcoming publication [59].
The so-called logarithmic translation ambiguities [60] in the definition of asymptotic fields are
usually fixed by the parity condition on the mass aspect [61]. We choose to fix these ambiguities
by imposing that the four lowest harmonics on dS3 of the mass aspect are parity even. This
condition is weaker than imposing that the entire mass aspect is parity even. We also observe
that the parity on the four lowest harmonics of σ on dS3 is all that is needed for the arguments
of [62] to go through.
Along the way in establishing our arguments, we use harmonic decomposition of various
tensor fields on three dimensional hyperboloid to provide proofs of two lemmae due to Ashtekar
and Hansen [7, 58] and Beig and Schmidt [56]. To the best of our knowledge, proofs of these
quite non-trivial lemmae have not been reported in the literature before. We, thereby, fill this
gap. We also provide a characterization of tensor fields appearing at second and higher orders
in the asymptotic expansion in three additional lemmae. All lemmae are stated and proven in
Appendix A. Appendix B collects useful properties of Killing vectors and associated charges on
dS3. We emphasize that Appendices A and B are an essential part of this paper. The lemmae
and properties of Killing vectors proven there are used in a number of ways throughout the main
text.
The rest of the paper is organized as follows. Section 2 provides relevant definitions and
review and our precise boundary conditions. In Section 3, we present asymptotic equations
of motion in two equivalent forms and discuss Beig’s integrability conditions. In Section 4 we
present our general construction of conserved Lorentz charges from the equations of motion
while in Section 5 we show the equivalence between Lorentz counter-term charges and Ashtekar-
Hansen charges. A classification of tensor structures useful for the main arguments is relegated
to Appendix C.
2 Asymptotic Flatness, Variational Principle, and Stress Tensor
In this section we provide relevant definitions and review. We introduce asymptotic flatness
based on [56, 57] and discuss diffeomorphisms preserving the asymptotic expansion. We obtain
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the Poincare´ group as asymptotic symmetry group after fixing suitably the asymptotic frame
and boundary conditions. We then review the variational principle of [16] and the associated
boundary stress tensor [53, 54]. We exclusively work with a coordinate based definition of
asymptotically flat spacetimes. The results we obtain in this paper can be readily translated to
geometric language of Ashtekar-Hansen [7, 58] or that of Ashtekar-Romano [11].
We define asymptotically flat spacetimes as spacetimes admitting an asymptotic expansion,
usually referred to as the Beig-Schmidt expansion, at spatial infinity as
ds2 =
(
1 +
σ
ρ
)2
dρ2 + ρ2
(
h
(0)
ab +
h
(1)
ab
ρ
+
h
(2)
ab
ρ2
+ o(ρ−2)
)
dxadxb, (2.2)
where h
(0)
ab dx
dxb is the metric on the unit hyperboloid or, equivalently, on three-dimensional de
Sitter space2 dS3,
ds2(0) ≡ h(0)ab dxadxb = −dτ2 + cosh2 τ(dθ2 + sin2 θdφ2). (2.3)
The fields σ, h
(1)
ab , h
(2)
ab , etc are assumed to be smooth functions on the unit hyperboloid. We will
use hab in what follows to denote the complete induced metric on a constant ρ slice for some
large value of ρ.
The set of diffeomorphisms preserving the Beig-Schmidt form (2.2) has been analyzed by a
number of authors over the years [7, 56, 57, 11], see [62] for a concise review. In an asymptotically
cartesian coordinate system with ρ2 = ηµνx
µxν , diffeomorphisms
x¯µ = Lµνx
ν + T µ + Sµ(xa) + o(ρ0), (2.4)
preserve the form of the metric (2.2). The transformations generated by the constants Lµν and
T µ form the Poincare´ group, while transformations generated by angle dependent translations
Sµ(xa) are the so-called supertranslations.
In conventional treatments of asymptotic spacetimes, one requires that all asymptotic sym-
metries are associated with conserved and well-defined charges. Since supertranslations depend
arbitrarily on the angular coordinates, the associated charges are in general not conserved. In
fact, the philosophy that a large body of work on asymptotic flatness at spatial infinity has taken
is to strengthen the boundary conditions so that the freedom of performing supertranslations is
eliminated. Indeed, this can be achieved [7, 57, 11, 63, 62], for instance, by demanding the lead-
ing order asymptotic Weyl curvature to be purely electric. This condition removes altogether
the possibility of NUT charges. This condition is fullfilled by choosing h
(1)
ab = −2σh
(0)
ab .
There is an additional boundary condition that needs to be imposed. This has to do with
the so-called logarithmic translations. Logarithmic translations in the hyperbolic coordinates
are written as
ρ = ρ¯+ log ρ¯H(x¯a)−H(x¯a) + o(ρ0), xa = x¯a + log ρ¯
ρ¯
Ha(x¯a) + o(ρ−1), (2.5)
2The coordinates ranges are τ ∈ R, φ ∈ [0, 2pi), θ ∈ (0, pi). We will denote Da as the covariant derivative on
the unit hyperboloid. The radial coordinate ρ is associated to some asymptotically Minkowski coordinates xµ via
ρ2 = ηµνx
µxν . The symbol o(ρ−p) is defined such that ρpo(ρ−p) = 0 as ρ → ∞ for fixed values of the angular
coordinates (τ, θ, φ) of the hyperboloid.
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where H obeys DaDbH +Hh(0)ab = 0. Under a general log-translation, σ and h
(1)
ab transform as
σ → σ +H, h(1)ab → h
(1)
ab − 2Hh
(0)
ab . (2.6)
Not only these fields transform, but also an unwanted logarithmic term
− log ρDc(E(1)ab Hc)dxadxb, (2.7)
is generated in the transformed metric. Since such a logarithmic term is not allowed in the
metric (2.2) to start with, generically logarithmic translations are not asymptotic symmetries
of our notion of asymptotic flatness. However, there is an important exception. If for certain
choices of H it happens that Dc(E(1)ab Hc) = 0, then the unwanted log term in the metric is not
generated. These special logarithmic translations are then allowed by our ansatz. This causes
a number of problems, the most obvious one is that the set of asymptotic diffeomorphisms
preserving the form (2.2) are not just Poincare´. To deal with these problems, we simply demand
that σ does not contain in the harmonic decomposition on dS3, the four solutions of the equation
DaDbH +Hh(0)ab = 0. In other words, we demand in the harmonic decomposition of σ on dS3
the four lowest components l = 0,m = 0, l = 1,m = −1, 0, 1 to be parity even, see Appendix
A for further details. References [61, 63, 62] demand σ(xa) to be entirely reflection symmetric
σ(τ, θ, φ) = σ(−τ, π− θ, φ+π) in order to eliminate these logarithmic translations. Here, we see
that a milder condition is sufficient to fix this ambiguity uniquely. It is also important to choose
boundary conditions such that the canonical (Hamiltonian or Lagrangian) Poincare´ generators
are finite and well-defined. Here, we also observe that the even parity condition on the four
lowest harmonics of σ on dS3 is all that is needed for the arguments of [62] to go through. The
Poincare´ charges can then be defined in a first order formalism [62] with very similar boundary
conditions.
Finally, the set of allowed configurations is also restricted by the requirement that Einstein’s
equations can be solved at all orders in the expansion. As proven in [56, 57], a necessary and
sufficient condition when only negative powers of ρ are allowed in the metric expansion (2.2) is
that the following six charges3
Q[ξ(0)] ≡
∫
S
d2S ǫcd(aσ
cσdb)ξ
a
(0)n
b = 0 (2.8)
vanish, where ξa(0) are the six Killing vectors on the hyperboloid, S is a Cauchy surface in the
unit hyperboloid, and na is a unit timelike vector normal to S in the unit hyperboloid. We will
see in section 3.2 that one can express these integrability conditions in another interesting form.
The phase space of asymptotically flat spacetimes is now completely defined. The asymptotic
symmetry group is the Poincare´ group. The conditions mentioned above are met for a very large
class of asymptotically flat spacetimes, with the notable exception of spacetimes with NUT
charges.
It was shown in [16] that a good variational principle for asymptotically flat gravity defined
by the expansion (2.2) is given by the action
S =
1
16πG
∫
M
√−g R+ 1
8πG
∫
∂M
√
−h (K − Kˆ), (2.9)
3Our conventions are σa = Daσ, σab = DbDaσ, σabc = DcDbDaσ etc.
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where Kˆ := habKˆab and Kˆab is defined to satisfy
Rab = KˆabKˆ − KˆacKˆcb, (2.10)
where Rab is the Ricci tensor of the boundary metric hab. This equation being quadratic in
Kˆab admits more than one solution for Kˆab. To cancel divergences we choose the solution that
asymptotes to the extrinsic curvature of the boundary of Minkowski space as ∂M (constant ρ
slice for some large value of ρ) is taken to infinity. It is important for our purposes to note that
this counter-term gives a well defined variational principle without requiring symmetry condition
on the mass aspect σ. This counter-term makes the idea of background substraction [64, 65, 66]
precise. Earlier steps towards such a construction were taken in [67, 68, 69]. See [70] for other
interesting results obtained using counter-term methods in asymptotically flat spacetimes.
Varying the action and imposing the equations of motion yields
δS =
1
16πG
∫
∂M
√
−h (πab − πˆab +∆ab) δhab, (2.11)
where πˆab := hab Kˆ − Kˆab and ∆ab are the remaining terms. The expression for ∆ab is not
needed here but can be found in appendix A of [54]. The boundary stress tensor is defined as
the functional derivative of the on-shell action with respect to hab
Tab := −
2√−h
δS
δhab
= − 1
8πG
(πab − πˆab +∆ab) . (2.12)
The asymptotic expansion of the stress tensor is
Tab =
1
8πG
(
T
(1)
ab +
T
(2)
ab +∆
(2)
ab
ρ
+ o(ρ−1)
)
, (2.13)
where [16, 53, 54]
T
(1)
ab = E
(1)
ab = −σab − σh
(0)
ab , (2.14)
T
(2)
ab = −h
(2)
ab +
(
5
2
σ2 + σcσ
c +
1
2
σcdσ
cd
)
h
(0)
ab − 2σaσb − σσab − σacσcb (2.15)
= E
(2)
ab − γab, (2.16)
γab = 2σσab +
5
2
σ2h0ab + σ
c
aσcb −
1
2
σcdσ
cdh0ab, (2.17)
∆
(2)
ab = −
1
4
[
9σcσ
ch
(0)
ab − 29σaσb + 63σσab + 24σapσbp − 5σcdσcdh
(0)
ab + 45σ
2h
(0)
ab
−3σmnpσmnph(0)ab + 9σpq(aσpqb) − 3σpqσpq(ab) − 2σeσe(ab)
]
. (2.18)
Here, E
(1)
ab and E
(2)
ab are the first and second order terms in the expansion of the electric part of
the Weyl tensor. We discuss the equivalence of conserved charges built from the stress-tensor and
the Ashtekar-Hansen charges in Section 5 after having presented a general analysis of Lorentz
charges in Section 4.
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3 Equations of Motion and Integrability
In this section we show that Einstein’s equations at second order in the asymptotic expansion
can be written in two mutually dual and equivalent forms, in a sense that we precise herebelow.
We also present an original rewriting of Beig’s integrability conditions [57] as the vanishing of
the six Noether charges associated with the mass aspect σ considered as a free scalar field on
dS3.
Given the form of the metric (2.2), it is natural to decompose vacuum Einstein’s equations
using the outward-pointing unit normal ρa to the hyperboloid of constant ρ and the projector
hab = gab−ρaρb. This provides us with Hamiltonian and momentum equations of motion (these
equations contain time derivatives and therefore are not constraints) and equations of motion
on the 3-dimensional hypersurface which respectively read [56]
H ≡ −LρK −KabKab −N−1habDaDbN = 0,
Fa ≡ DbKba −DaK = 0,
Fab ≡ Rab −N−1∂ρKab −N−1DaDbN −KKab + 2K ca Kcb = 0, (3.19)
where D is the covariant derivative compatible with the full metric hab on the hyperboloid,
N = 1 + σ/ρ is the lapse function, Lρ is the Lie derivative in the direction of ρa, and LρK =
Lρ(habKab). In equations (3.19) indices are raised and lowered with hab. In the rest of this
section indices will be raised and lowered with h
(0)
ab .
3.1 Equations of motion at second order
Beig and Schmidt [56] showed that at the zeroth order, the equations of motion require h
(0)
ab to
be locally the metric on the unit hyperboloid. At first order demanding h
(1)
ab = −2σh
(0)
ab , they
showed that Einstein equations are identically satisfied if
σ + 3σ = 0. (3.20)
At second order Beig [57] obtained
h(2) = 12σ2 + σcσ
c,
Dbh(2)ab = Da
(
σcσ
c + 8σ2
)
, (3.21)
(− 2)h(2)ab = 6σcσch
(0)
ab + 8σaσb + 14σσab − 18σ2h
(0)
ab + 2σacσ
c
b + 2σabcσ
c.
In an attempt to present the material in a more pedagogical fashion, we now discuss the
above equations in the linear case, when the quadratic terms in σ on the r.h.s of equations (3.21)
are set to zero. The non-linear equations will be considered at the end of the section.
Let us define
Vab ≡ −h(2)ab , Wab ≡ curlh
(2)
ab , (3.22)
where the curl operator is (curlT )ab ≡ ǫ cda DcTdb. The curl operator obeys remarkable properties.
The curl of a symmetric tensor Tab satisfying DbTab = DaTbb is symmetric: (curlT )[ab] = 0.
Moreover, the curl is the square root of the operator −3 when acting on Symmetric, Divergence-
free, and Traceless (SDT) tensors Tab
curl (curl (T ))ab = (− 3)Tab. (3.23)
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The latter property also implies that the square of the curl operator when acting on an SDT
tensor Tab obeying ( − 2)Tab = 0 is minus the identity. This shows that this operator is
invertible when acting on Tab satisfying (− 2)Tab = 0. Finally, one has [− 2, curl ]Tab = 0 for
an SDT tensor Tab.
With these properties in mind, we see that the above defined quantities enjoy the duality
properties
Wab = −curlVab, Vab = curlWab. (3.24)
Moreover, the linearized second order equations (3.21) can then be written in two equivalent
ways
V aa = 0, DbVab = 0, (− 2)Vab = 0, (3.25)
or
W aa = 0, DbWab = 0, (− 2)Wab = 0. (3.26)
The two sets of equations are related by the curl operator. Given a solution to one of these
systems, one can reconstruct the metric using definitions (3.22). We have thus shown the
equivalence of linearized Einstein’s equations at second order to any one of the above two systems
of equations.
At this stage, the reader might find useful to have a more precise idea of the form of the
solutions to the equations
T aa = DbTab = (− 2)Tab = 0. (3.27)
In Appendix A, we prove Lemma 3 stating that the general solution of (3.27) consists of two sets
of three tensors related by the curl operator that capture the six charges
∫
S Tabξ
a
(0)n
b associated
with Lorentz transformations, supplemented by higher harmonic tensors that do not contribute
to the charges
∫
S Tabξ
a
(0)n
b. Note that tensor fields that derive from a scalar potential, like the
first order electric part of the Weyl tensor E
(1)
ab = −DaDbσ − h
(0)
ab σ, have vanishing curl,
Tab = DaDbΦ+ h(0)ab Φ ⇒ (curlT )ab = 0. (3.28)
These tensors therefore obey (curl 2 T )ab = ( − 3)Tab = 0 as opposed to ( − 2)Tab = 0. As a
consequence, none of the lemmae used in the first order analysis, e.g., in [56, 7], capture tensor
structures appearing at second order. See also Appendix A for proofs of the unproven lemmae
in [56, 7, 58].
Let us now rewrite Beig’s equations (3.21) including non-linearities in a form similar to the
mutually dual set of equations (3.25)-(3.26).
A direct calculation shows that the following tensor
E
(2)
ab − σE
(1)
ab = −h
(2)
ab + 6σ
2h
(0)
ab + 2σabσ − 2σaσb + σcσch
(0)
ab , (3.29)
constructed out of the asymptotic expansion of the electric part of the Weyl tensor is an SDT
tensor. Similarly, the following tensor constructed out of the asymptotic expansion of the mag-
netic part of the Weyl tensor is also an SDT tensor
B
(2)
ab = ǫcdaD
c(h
(2)
b
d − 2σ2δbd), (3.30)
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on account of the equations of motion. The equations of motion can be reformulated in terms
of B
(2)
ab as [57]
B(2)a
a = 0, (3.31)
DaB
(2)
ab = 0, (3.32)
(− 2)B(2)ab = −4ǫcd(aσcE
(1)
b)
d. (3.33)
In terms of E
(2)
ab − σE
(1)
ab the same equations take the form
(E(2) − σE(1))aa = 0, (3.34)
Da(E
(2)
ab − σE
(1)
ab ) = 0, (3.35)
(− 2)(E(2)ab − σE
(1)
ab ) = curl [−4ǫcd(aσcE
(1)
b)
d]. (3.36)
Furthermore, it can be easily checked that
E
(2)
ab − σE
(1)
ab = curlB
(2)
ab , −curl (E
(2)
ab − σE
(1)
ab ) = B
(2)
ab + 4ǫcd(aσ
cE
(1)
b)
d. (3.37)
Note that E
(2)
ab − σE
(1)
ab is linear in h
(2)
ab , and B
(2)
ab is linear in its curl. Therefore, E
(2)
ab − σE
(1)
ab
and B
(2)
ab precisely reduce to Vab and Wab in the linear approximation.
3.2 Integrability conditions
Solutions of linearized equations are not always linearizations of solutions of non-linear equations.
This phenomenon is well-known as a linearization instability [71, 72, 73]. In the present case
of Beig-Schmidt expansion, it has been shown [57] that there are exactly six obstructions in
reconstructing non-linear asymptotic solutions when only negative powers of ρ are allowed in
(2.2). The existence of these six obstructions can be seen as follows. Contracting equation (3.33)
with a Killing vector on dS3, one can rewrite the l.h.s of the expression as
(− 2)B(2)ab ξa(0) = 2Da
(
ξc(0)D[aB(2)b]c +B
(2)
c[aDb]ξc(0)
)
, (3.38)
which is a total divergence and vanishes when integrated on a Cauchy surface S on the unit
hyperboloid. For consistency, we must require that the integrals on the sphere of the r.h.s of
(3.33) contracted with ξa(0) are also zero. These requirements are precisely Beig’s integrability
conditions (2.8)4.
We now present a new way of looking at these integrability conditions. It is clear that the
equation for the mass aspect σ (3.20) can be derived from the free scalar Lagrangian L(σ)
L(σ) =
√
−h(0)
(
− 1
2
∂aσ∂
aσ +
3
2
σ2
)
, (3.39)
4This argument only shows that these conditions are the necessary conditions. The arguments showing that
these conditions are also sufficient to solve Einstein’s equations to all orders in the expansion can be found in [57].
Note that there is a minor typo in eq (43) of [57]. The coefficient multiplying βa is (n− 1)
2 instead of (n+ 1)2.
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with mass m2 = −3 on three-dimensional de Sitter space. Now, it is interesting to note that
Beig’s integrability conditions are precisely the conditions that all six Noether charges derived
from this Lagrangian vanish. Indeed, one has ǫcd(aσ
cσdb) = −(curlκ)(ab) where
κab = −
1
2
σcσch
(0)
ab + σaσb +
3
2
σ2h
(0)
ab = −
2√
−h(0)
δL(σ)
δh(0) ab
, (3.40)
i.e., κab is precisely the stress-tensor of L
(σ). See Appendices B and C, and in particular around
(C.142), for more properties of this tensor. Using integration by parts and properties of Killing
vectors on the unit hyperboloid (B.126)-(B.130), it follows that the integrability conditions (2.8)
are equivalent to ∫
S
d2S κabξ
a
(0)n
b = 0. (3.41)
4 Mutually Dual Conserved Tensors
In this section we present a general construction of conserved Lorentz charges. Our approach
is to construct these charges using symmetric and divergence-free tensors. We construct these
tensors from the equations of motion. Since Killing vectors corresponding to asymptotic Lorentz
transformations are larger at infinity than translations, corresponding conserved tensors are
constructed both from the leading and the next-to-leading terms in the Beig-Schmidt expansion.
These tensors are linear in the next-to-leading terms and quadratic in the leading terms.
Since Killing vectors on the hyperboloid obey the duality relations (1.1), any expression for
conserved Lorentz charges involving derivatives of ξ(0) can be written in an equivalent form
without derivatives acting on ξ(0) as ∫
S
d2STabξ
a
(0)n
b (4.42)
where na is the unit normal to the sphere and Tab is symmetric. A sufficient condition for
the charges to be conserved is that Tab should be divergence-free. We have seen previously
that one can form at least one symmetric, divergence-free, and traceless (SDT) tensor linear
in h
(2)
ab , namely E
(2)
ab − σE
(1)
ab and another SDT tensor linear in the curl of h
(2)
ab , namely B
(2)
ab .
Now, properties of Killing vectors on dS3 detailed in Appendix B imply the following equivalent
representations of the conserved charges associated with boosts and rotations,
J(i) ≡
1
8πG
∫
S
d2S(E
(2)
ab − σE
(1)
ab )ξ
a
rot(i)n
b = − 1
8πG
∫
S
d2SB
(2)
ab ξ
a
boost(i)n
b, (4.43)
K(i) ≡
1
8πG
∫
S
d2S(E
(2)
ab − σE
(1)
ab )ξ
a
boost(i)n
b =
1
8πG
∫
S
d2SB
(2)
ab ξ
a
rot(i)n
b. (4.44)
The conserved charges written in the second form using B
(2)
ab are exactly the charges defined by
Ashtekar-Hansen in [7, 58].
We now show that these conserved quantities are uniquely defined, in the sense that the
addition to SDT tensors E
(2)
ab − σE
(1)
ab or B
(2)
ab of any symmetric and divergence-free tensor
quadratic in σ and its derivatives does not modify the value of these conserved charges, once
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the integrability conditions are obeyed. Indeed, from the classification performed in Appendix
C, any SDT tensor quadratic in σ and its derivatives can be written as
a(3)(curlκ)(ab) + a(4)(curl
2κ)ab + a(5)(curl
3κ)ab + a(6)(curl
4κ)ab + . . . , (4.45)
for some coefficients a(i), with κab given in (3.40). The term (curlκ)(ab) = −ǫcd(aσcσdb) does
not contribute to the charges once the integrability conditions (2.8) are imposed. Now, as
proven in (B.126) and (B.130) in Appendix B, charges associated to the symmetrized curl
of a symmetric and divergence-free tensor can be related to the charges associated with the
symmetric and divergence-free tensor itself. Using this argument iteratively, charges associated
with each individual term in the expansion (4.45) are equivalent to the charges (2.8), which
vanish as a consequence of the integrability conditions. The symmetric and divergence-free
tensors with non-zero trace also do not contribute to charges. In this class, tensors for which
the symmetrized curl is zero do not contribute to the charges as a consequence of the relations
(B.126) and (B.130). As shown in Appendix C, there is a unique independent symmetric and
divergence-free tensor for which both the trace and the symmetrized curl are non-zero. It is
given by κab and does not contribute to the charges as shown in equation (3.41).
Since the six Lorentz charges are uniquely defined by (4.43)-(4.44), all definitions proposed
in the literature should reduce to these expressions. We show in the following section that the
Ashtekar-Hansen charges are equivalent to the counter-term charges. We differ to a forthcoming
publication [59] the comparison of these expressions to the standard ADMHamiltonian conserved
charges [1, 2, 3, 4, 5, 10], to the charges defined from the linearized equations of motion [9], to
the covariant phase space charges [74, 12, 13] and to the cohomological methods [17, 75, 23, 76]
and to charges with boundary counterterms contributions [77].
5 Counter-term and Ashtekar-Hansen Charges Revisited
In [53, 54] the equivalence between the counter-term charges and the Ashtekar-Hansen charges
was established. Here we revisit this calculation and point out that the symmetry condition on σ
explicitly used in [54] is in fact not required. Integrability conditions mentioned above on σ are
precisely what is needed to show the equivalence between the Lorentz counter-term charges and
the Ashtekar-Hansen charges. For translations there is no change as compared to the previous
work, so here we are only concerned with Lorentz charges.
The boundary stress tensor (2.12) obtained from the action (2.9) can be used to define the
conserved charge
Q[ξ] =
1
8πG
∫
Sρ
d2S
√
−hTab uaξb, (5.46)
for any asymptotic Killing field ξa, where hab is the induced metric on the hyperboloid Hρ
defined as a constant ρ slice, Sρ is a Cauchy surface in Hρ and ua is a timelike unit vector in
Hρ normal to Sρ. Expanding the expression in powers of ρ for rotations and boosts, one notices
a potentially linearly divergent term in ρ. However, since E
(1)
ab admits σ as its scalar potential,
the divergent term is in fact zero [7]. Then, the finite part of the stress-tensor (5.46) reduces to
[53, 54]
Q[ξ(0)] =
1
8πG
∫
S
d2S
√
−h(0)(E(2)ab − σE
(1)
ab − γab −∆
(2)
ab )ξ
a
(0)n
b (5.47)
12
where na is the leading order coefficient of ua in the asymptotic expansion and S is the unit
two-sphere. It is now easy to show that γab does not contribute to conserved charges: n
aγabξ
b
(0)
is a total divergence on S. This is because,
γabξ
a
(0) = D
a
(
ξc(0)D[aκb]c + κc[aDb]ξ
c
(0)
)
+Da(σ2D[aξ
(0)
b] )− 4Da(σσ[aξ
(0)
b] ), (5.48)
where κab is defined in (3.40). The tensor ∆
(2)
ab also does not contribute to conserved charges.
This is because ∆
(2)
ab is an SDT tensor and can be written as in (4.45). Indeed,
∆
(2)
ab = −
7
4
(curl 2κ)ab −
3
4
(curl 4κ)ab. (5.49)
Imposing integrability conditions, the result immediately follows. Thus, expression (5.47) simply
reduces to
Q[ξ(0)] =
1
8πG
∫
S
d2S
√
−h(0)(E(2)ab − σE
(1)
ab )ξ
a
(0)n
b, (5.50)
which is identical to (4.43)–(4.44).
We have thus demonstrated the explicit agreement between the Ashtekar-Hansen charges
and the counter-term charges without assuming σ to be symmetric, but requiring integrability
of the Beig-Schmidt expansion.
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A Properties of Tensors on dS3
In this appendix we first present the proof of two lemmae previously mentioned in the works
of Ashtekar and Hansen [7, 58] and of Beig and Schmidt [56] but not explicitly proven in these
original references. We also state and prove three additional lemmae of general interest that are
used as guidelines in the main text.
The metric on the unit three-dimensional de-Sitter space is
ds2dS3 = h
(0)
ab dx
adxb = −dτ2 + cosh2 τ(dθ2 + sin2 θdφ2), (A.51)
where −∞ < τ < ∞, 0 ≤ θ ≤ π and 0 ≤ φ ≤ 2π. The coordinates (θ, φ) parameterize the
unit two-sphere. The Riemann and Ricci tensors and Ricci scalar of the unit metric h
(0)
ab on the
hyperboloid are given by
R
(0)
abcd = h
(0)
ac h
(0)
bd − h
(0)
ad h
(0)
bc , R
(0)
ab = 2h
(0)
ab , R
(0) = 6. (A.52)
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It is useful to first note that in the harmonic decomposition on dS3, the eight solutions of
σ + 3σ = 0 with harmonics l = m = 0 or l = 1, m = −1, 0, 1 are given by the four solutions
ζ(0) = sinh τ, ζ(k) = cosh τf(k), k = 1, 2, 3, (A.53)
of DaDbζ(a)+h(0)ab ζ(a) = 0, which are odd under parity (τ, θ, φ)→ (−τ, π− θ, φ+π) and the four
functions
ζˆ(0) =
cosh 2τ
cosh τ
, ζˆ(k) =
(
2 sinh τ +
tanh τ
cosh τ
)
f(k), k = 1, 2, 3, (A.54)
which are even under parity. Here,
f(1) = cos θ, f(2) = sin θ cosφ, f(3) = sin θ sinφ, (A.55)
are the three l = 1 harmonics on the two-sphere.
Lemma 1 (Ashtekar-Hansen) On the three-dimensional hyperboloid, any traceless curl-free
divergence-free symmetric tensor Tab such that Tab = 3Tab can be written as
Tab = DaDbΦ+ h(0)ab Φ, (A.56)
with Φ+ 3Φ = 0. The scalar Φ is determined up to the ambiguity of adding a combination of
the four functions (A.53).
Lemma 2 (Beig-Schmidt) On the three dimensional hyperboloid, any scalar Φ satisfying
Φ + 3Φ = 0 and such that it does not contain the four lowest hyperbolic harmonics (A.54)
defines a symmetric, traceless, curl-free and divergence-free tensor Tab = DaDbΦ + h(0)ab Φ that
can be written as
Tab = ǫ
cd
a DcPdb, (A.57)
where Pab is a symmetric, traceless and divergence-free tensor. This tensor is defined up to the
ambiguity Pab → Pab +DaDbω + h(0)ab ω where ω is an arbitrary scalar obeying ω + 3ω = 0.
Lemma 3 On the hyperboloid, any regular symmetric divergence-free traceless tensor Tab obey-
ing (− 2)Tab = 0 can be uniquely decomposed as
Tab =
3∑
i=1
(
v(i)V(i)ab + w(i)W(i)ab
)
+ Jab, (A.58)
where the three tensors V(i)ab and the three tensors W(i)ab, i = 1, 2, 3 are given by
V(i)ττ = 2 sech
5τζ(i), V(i)τi = sech
3τ tanh τ∂iζ(i), V(i)ij = ηij sech
3τζ(i), (A.59)
W(i)ττ = 0, W(i)τi = sech
3τǫ ji ∂jζ(i), W(i)ij = 0. (A.60)
These tensors are dual to each other in the sense
ǫ cda DcV(i)db = −W(i)ab, ǫ cda DcW(i)db = V(i)ab. (A.61)
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These tensors also obey the orthogonality properties∫
S
V(k)abζ
a
(l)n
bd2S =
∫
S
W(k)abζ
a
(l)n
bd2S = 0, (A.62)∫
S
V(k)abξ
a
rot(l)n
bd2S =
∫
S
W(k)abξ
a
boost(l)n
bd2S = 0, (A.63)∫
S
V(k)abξ
a
boost(l)n
bd2S =
∫
S
W(k)abξ
a
rot(l)n
bd2S =
8π
3
δ(k)(l), (A.64)
where δ(i)(j) = 1 if i = j, and ζ
a
(l) = D
aζ(l) are the four translation Killing vectors (conformal
Killing vectors on dS3) with ζ(l) given in (A.53). The tensor Jab is a symmetric traceless
divergence-free tensor obeying∫
S
d2SJabξ
a
rotn
b =
∫
S
d2SJabξ
a
boostn
b =
∫
S
d2SJabζ
a
(l)n
b = 0, (− 2)Jab = 0. (A.65)
Lemma 4 On the three dimensional hyperboloid, any symmetric traceless and divergence-free
tensor can be decomposed as
Tab = curl (T˜ab) +DaDbζˆ + h(0)ab ζˆ (A.66)
where T˜ab is a symmetric, traceless and divergence-free tensor and ζˆ is a combination of the four
functions (A.54).
Lemma 5 On the hyperboloid, any regular symmetric divergence-free traceless tensor Tab obey-
ing (+ n2 − 2n− 2)Tab = 0 with n any integer n ≥ 3 also obeys∫
S
Tabζ
a
(l)n
bd2S = 0, l = 0, 1, 2, 3,
∫
S
Tabξ
a
(0)n
bd2S = 0 , (A.67)
where ζa(l) = D
aζ(l) are the four translation Killing vectors (conformal Killing vectors on dS3)
with ζ(l) given in (A.53) and ξ
a
(0) are the six Killing vectors on dS3.
Before starting the proof of these lemmae, we recall the following properties of tensors on
dS3. Let t, ta, tab = t(ab) be some arbitrary fields on the hyperboloid, then
[Da,] t = −2Dat, (A.68)
[Da,Db] tc = h(0)ac tb − h(0)bc ta, (A.69)
[Da,] tb = 2h(0)ab Dctc − 4D(atb), (A.70)
[Dc,Da] tcb = 3tba − h(0)ab tcc, (A.71)
[Da,Db] tcd = 2h(0)a(ctd)b − 2h
(0)
b(ctd)a, (A.72)
[Da,] tbc = 4h(0)a(bDdtc)d − 6D(atbc), (A.73)[
Db,
]
tbc = 4Ddtcd − 2Dct. (A.74)
These identities are useful in several arguments in the main text and in the proof of the lemmae.
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Proofs of lemmae 1, 2, 3, 4 and 5: The five lemmae have an overlapping proof. In order to
establish these lemmae we need to derive decomposition of regular symmetric, divergence-free,
and traceless (SDT) tensors on the hyperboloid. We do so in the rest of this appendix.
A general regular symmetric tensor on the hyperboloid can be expressed as a linear com-
bination of symmetric tensors built from two-dimensional spherical harmonics. A general such
tensor has the form
Tττ = f1(τ)Ylm(θ, φ), (A.75)
Tτi = f2(τ)D
(2)
i Ylm(θ, φ) + f3(τ)ǫ
j
i D
(2)
j Ylm(θ, φ), (A.76)
Tij = f4(τ)
(
D
(2)
i D
(2)
j +
l(l + 1)
2
ηij
)
Ylm(θ, φ) + f5(τ)ǫ
k
(i D
(2)
j) D
(2)
k Ylm(θ, φ)
+f6(τ)ηijYlm(θ, φ), (A.77)
where indices i, j, k run over two-sphere (θ, φ), Ylm(θ, φ) are scalar spherical harmonics on the
two sphere with l = 0, 1, . . . , and m = −l, . . . , l, and D(2)i is the covariant derivative compatible
with the round metric ηij on the two-sphere. In writing these expression we have already made
use of the identity (
D
(2)
i D
(2)
j +
l(l + 1)
2
ηij + ǫ
k
(i ǫ
l
j)D
(2)
k D
(2)
l
)
Ylm(θ, φ) = 0, (A.78)
in order to reabsorb the tensor structure ǫ k(i ǫ
l
j)D
(2)
k D
(2)
l Ylm into the definition of f4(τ). The
tensor is traceless if and only if
f1(τ) = 2 sech
2τf6(τ). (A.79)
For the case l = 0, m = 0, only f6(τ) parameterizes non-zero tensors. The divergence-free
condition is solved only for f6 ∼ sech τ . The general tensor then reduces to
Tab = DaDbζˆ(0) + h(0)ab ζˆ(0). (A.80)
When l = 1, we have that ǫ k(i D
(2)
j) D
(2)
k Ylm(θ, φ) = 0. Therefore, f4 and f5 do not lead to non-zero
tensors. The divergence-free condition fixes
f2(τ) = − tanh τf6(τ)− ∂τf6(τ), (A.81)
f3(τ) = C1 sech
2τ, (A.82)
f6(τ) = C2 sech
2τ +C3 sech τ tanh τ, (A.83)
where C1, C2 and C3 are constants. There are therefore three solutions for each value of
m = −1, 0, 1, so 9 solutions in total. Three independent solutions are the tensors admitting a
scalar potentials ζˆ(i), i = 1, 2, 3,
Tab = DaDbζˆ(i) + h(0)ab ζˆ(i). (A.84)
These tensors are curl-free and (− 3)Tab = 0. The six other tensors can be written as a linear
combination of the following two sets of three tensors,
V(k)ττ = 2 sech
5τζ(i), V(k)τi = sech
3τ tanh τD
(2)
i ζ(k), V(k)ij = ηij sech
3τζ(k),(A.85)
W(k)ττ = 0, W(k)τi = sech
3τǫ ji D
(2)
j ζ(k), W(k)ij = 0, (A.86)
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where ζ(k) = cosh τf(k), k = 1, 2, 3. These tensors are dual to each other in the sense
ǫ cda DcVdb = −Wab, ǫ cda DcWdb = Vab. (A.87)
Since applying two times the curl operator on a traceless, divergence-free, symmetric tensor is
equivalent to applying (− 3), we deduce that both tensors obey
(− 2)Vab = 0, (− 2)Wab = 0. (A.88)
These tensors also obey the orthogonality properties∫
S
V(k)abξ
a
rot(l)n
bd2S = 0,
∫
S
W(k)abξ
a
boost(l)n
bd2S = 0, (A.89)∫
S
V(k)abξ
a
boost(l)n
bd2S =
8π
3
δ(k)(l),
∫
S
W(k)abξ
a
rot(l)n
bd2S =
8π
3
δ(k)(l), (A.90)
where C is a cut of the hyperboloid. Since V(k)ab and W(k)ab are divergence-free, these integrals
are independent of the chosen cut of the hyperboloid.
For l > 1, we can solve the divergence-free condition in terms of f2, f4 and f5 as
f2(τ) = −
2
l(l + 1)
(tanh τf6(τ) + ∂τf6(τ)), (A.91)
f4(τ) =
2
(l − 1)l(l + 1)(l + 2)
(
(l + l2 + 2cosh 2τ)f6(τ)
+2 cosh τ(3 sinh τ∂τf6(τ) + cosh τ∂τ∂τf6(τ))
)
, (A.92)
f5(τ) = − 2
(l − 1)(l + 2) cosh τ(2 sinh τf3(τ) + cosh τ∂τf3(τ)). (A.93)
The general tensor with harmonics (l,m), l > 1 is a linear combination of the following two
tensors depending each on an arbitrary function f(τ) of τ ,
T
(I)
ab (f) ≡ Tab
(
f3(τ) =
1
l(l + 1)
f(τ), f6(τ) = 0
)
, (A.94)
T
(II)
ab (f) ≡ Tab
(
f3(τ) = 0, f6(τ) =
1
2
f(τ)
)
. (A.95)
These tensors obey the remarkable properties
ǫ cda DcT (I)db (f) = T
(II)
ab (f), (A.96)
ǫ cda DcT (II)db (f) = −T
(I)
ab (Of), (A.97)
where Of is the following differential operator acting on f(τ),
Of ≡ (1 + l(l + 1) sech 2τ)f + 2 tanh τ∂τf + ∂τ∂τf . (A.98)
We deduce also the following properties
( − 3)T (I)ab (f) = −T
(I)
ab (Of), (A.99)
(− 3)T (II)ab (f) = −T
(II)
ab (Of). (A.100)
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Using the explicit expression for the tensors and the orthogonality of spherical harmonics, we
also have ∫
S
T
(I)
ab (f)ξ
a
rot(k)n
bd2S = 0,
∫
S
T
(II)
ab (f)ξ
a
rot(k)n
bd2S = 0, (A.101)∫
S
T
(I)
ab (f)ξ
a
boost(k)n
bd2S = 0,
∫
S
T
(II)
ab (f)ξ
a
boost(k)n
bd2S = 0. (A.102)∫
S
T
(I)
ab (f)Daζ(l)nbd2S = 0,
∫
S
T
(II)
ab (f)ζ
a
(l)n
bd2S = 0. (A.103)
The above decomposition proves lemma 3. Indeed, one can isolate the l = 0, 1 harmonics
and then all the higher harmonics can be regrouped in a tensor Jab that obeys
∫
S Jabξ
a
rotn
b =∫
S Jabξ
a
boostn
b = 0 as a consequence of (A.101)-(A.102).
There are two special sets of two functions f(τ): the ones for which the differential operator
obeys Of(0) = 0 and the others for which Of(1) = f(1). The two functions obeying Of(0) = 0
define tensors T
(II)
ab (f(0)) such that
D[aT (II)b]c (f(0)) = 0, (− 3)T
(II)
ab (f(0)) = 0. (A.104)
The tensor T
(I)
ab (f(0)) is a tensor potential for T
(II)
ab (f(0)) and is uniquely determined for the two
solutions of Of(0) = 0. From the explicit form of the tensor, we note that T (II)ab (f(0)) can be
written as
T
(II)
ab (f(0)) = DaDbΦ+ h
(0)
ab Φ, (A.105)
where Φ =
∑
l
∑l
m=−l Φ
lm(τ)Ylm(θ, φ) is a scalar that obeys (+3)Φ = 0. The two independent
solutions of Of(0) = 0 correspond to the two independent solutions of the equation (+3)Φ = 0
for fixed values of l > 1, −l ≤ m ≤ l.
The two independent solutions for f(τ) of the differential equation Of(1) = f(1) can be used
to define two pairs of dual tensors,
Wab = T
(I)
ab (f(1)), Vab = T
(II)
ab (f(1)), (A.106)
which obey
ǫ cda DcVdb = −Wab, ǫ cda DcWdb = Vab (A.107)
(− 2)Vab = 0, (− 2)Wab = 0. (A.108)
Given the special role of the eigenfunction of the operator O, it is natural to decompose the
functions f(τ) in that basis. The equation
Of(n) = (n− 1)2f(n) (A.109)
for each positive integer n is solved by associated Legendre functions of the first and second
kind,
f
(1)
(n) = sech τP
n
l [tanh τ ], f
(2)
(n) = sech τQ
n
l [tanh τ ]. (A.110)
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Lemma 1 is then proven as follows. A symmetric traceless divergence-free tensor obeying ( −
3)Tab = 0 can be decomposed into harmonics. The only possible tensors in harmonics l = 0, 1
have the form
Tab = DaDbΦ+ h(0)ab Φ, (A.111)
where ( + 3)Φ = 0 contains l = 0, 1 harmonics. For l > 1, we have seen that any tensor can
be decomposed as a combination of two different tensor structures T
(I)
ab (f
(I)) and T
(II)
ab (f
(II))
depending each on one function. We then see from (A.99)-(A.100) that such tensors obey
( − 3)Tab = 0 if and only if f (I) = f (II) = f(0) where f(0) are the solutions of the differential
equation Of(0) = 0. Then, we note using (A.96) that T (I)ab (f(0)) is not curl-free and thus does
not obey the preconditions of the lemma. The only remaining tensors have the form T
(II)
ab (f(0))
and they can be written in terms of a scalar potential (A.105) as shown earlier.
The general solution of ( + 3)Φ = 0 contains ζ(i), ζˆ(i), i = 0, 1, 2, 3 and the higher l > 1
harmonics. For each value of l > 1, m, there are two solutions for Φ that uniquely correspond
to the two tensors T
(II)
ab (f(0)). The four lower harmonics correspond to the tensor Tab built in
(A.84). The dependence in ζ(i) is arbitrary since these scalars can then be added to Φ without
changing Tab. This ends the proof of lemma 1.
The lemma 2 is proven by noticing that by lemma 1, all tensors derived from a scalar using
(A.111) that have l > 1 harmonics have the form T
(II)
ab (f(0)). The tensor T
(I)
ab (f(0)) is then the
tensor potential for T
(II)
ab (f(0)) by (A.96).
Let us now prove lemma 4. We consider an arbitrary SDT tensor Tab. One can decompose
it in l = 0, l = 1 and l > 1 harmonics, and further the arbitrary functions f(τ) appearing in
(A.94)-(A.95) can be decomposed in eigenfunctions (A.109) with positive integer n. The l = 0,
l = 1 and l > 1 harmonics with n = 1 can be written as the sum of a tensor admitting a scalar
potential and the curl of an SDT tensor. From (A.96)-(A.97), the l > 1 harmonics with n > 1
are explicitly the curl of an SDT tensor. Using in addition Lemma 2, we obtain that Tab can be
written as a sum of the curl of an SDT tensor and a sum of DaDbζˆ(i)+h(0)ab ζˆ(i), which proves the
lemma.
Let us finally prove lemma 5. Note that no SDT tensor obeying ( + n2 − 2n − 2)Tab = 0
with n > 2 integer can contain spherical harmonics l = 0 or l = 1. This follows from the explicit
form of the l = 0 and l = 1 SDT harmonics presented above. Therefore, any SDT tensor obeying
( + n2 − 2n − 2)Tab = 0 with n > 2 can be decomposed in the basis of tensors T (I)ab (f) and
T
(II)
ab (f) (A.94)-(A.95) for f(τ) obeying the eigenvalue equation (A.109). All such tensors are
expanded in spherical harmonics with l > 1. The lemma then follows from the orthogonality of
spherical harmonics (A.101)–(A.103).
B Properties of Killing Vectors on dS3
Three-dimensional de-Sitter space admits six Killing vectors. Three of them are rotations and
the other three correspond to four-dimensional Lorentz boosts when interpreted in the asymp-
totically flat context. The rotations are
ξarot(1)∂a = ∂φ, (B.112)
ξarot(2)∂a = − sinφ∂θ − cot θ cosφ∂φ, (B.113)
ξarot(3)∂a = cosφ∂θ − cot θ sinφ∂φ . (B.114)
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These Killing vectors are precisely the three Killing vectors of the round two-sphere. On the
round two-sphere, Killing vectors satisfy a special property that they can be written as
ξmrot(k) = ǫ(2)
mnD(2)n f(k), (B.115)
where f(k) are the three scalar l = 1 harmonics on the two-sphere
((2) + 2)f(k) = 0,
∫
S
d2Sf(k)f(l) =
4π
3
δ(k)(l), (B.116)
given explicitly in (A.55). We use the conventions ǫ(S2)θφ = sin θ, D
(2)
a is the unique torsion free
covariant derivative on S2, dS = sin θdθ ∧ dφ, and (2) is the scalar Laplacian on S2.
The boost Killing vectors of the three-dimensional de-Sitter space can be written as
ξaboost(i) = f(i)n
a + cosh τ sinh τhab(0)∂bf(i) (B.117)
or, explicitly, as
ξaboost(1)∂a = cos θ∂τ − tanh τ sin θ∂θ, (B.118)
ξaboost(2)∂a = sin θ cosφ∂τ + tanh τ cos θ cosφ∂θ − tanh τ csc θ sinφ∂φ, (B.119)
ξaboost(3)∂a = sin θ sinφ∂τ + tanh τ cos θ sinφ∂θ + tanh τ csc θ cosφ∂φ. (B.120)
The unit vector normal to the two sphere in dS3 is n
a∂a = ∂τ .
The boost Killing vectors are intimately related to the rotational Killing vectors by the
following relation
ξaboost(i) = −
1
2
ǫabcDbξrot(i)c, (B.121)
ξarot(i) =
1
2
ǫabcDbξboost(i)c, (B.122)
where Da is the covariant derivative on the hyperboloid and ǫabc the totally anti-symmetric
tensor normalized as ǫτθφ = +cosh
2 τ sin θ. The latter relation implies
(+ 2)ξarot(i) = 0, (+ 2)ξ
a
boost(i) = 0, (B.123)
where  = DaDa.
Finally let us derive how these relations imply two equivalent forms for the conserved charges
associated with boosts and rotations. Given a tensor Tab without special properties, one can
show that on the τ = 0 slice of de Sitter space,
Tabξ
a
rot(i)n
b = ǫ cda DcTdbξaboost(i)nb +D(S
2)
c (Tabǫ
ac
(S2)f(i)n
b) . (B.124)
For any symmetric and divergence-free tensor, one has
Db(Tabξarot(i)) = 0, Db((curlT )(ab)ξarot(i)) = 0.
Note that (curlT )ab is symmetrized in the second equation, as (curlT )ab is not necessarily
symmetric. Therefore, for any regular symmetric and divergence-free tensor, the conserved
charges
Q[Tab, ξ
a
rot(i)] ≡
∫
S
d2S nbTabξ
a
rot(i). (B.125)
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can be expressed in two equivalent ways as follows,
Q[Tab, ξ
a
rot(i)] =
∫
S
d2S nbTabξ
a
rot(i) =
∫
S
d2S nbcurl (T )(ab)ξ
a
boost(i) . (B.126)
Replacing Tab by the curl of Tab in identity (B.124), we get on the τ = 0 slice
Tabξ
b
boost(i)n
a = −curl (T )abξbrot(i)na +D(S
2)
c (2D[dTc]bndnbf(i)) + (curl (curlT ) + T )abnaξbboost(i).
For any symmetric and divergence-free tensor, we have (curl (curlT )+T )ab = (−2)Tab+h(0)ab T ,
and (
( − 2)Tab + 2h(0)ab T
)
ξc(0) = 2Da
(
ξc(0)D[aTb]c + Tc[aDb]ξc(0)
)
. (B.127)
Therefore, one obtains∫
S
d2S nbTabξ
a
boost(i) = −
∫
S
d2S nbcurl (T )abξ
a
rot(i) −
∫
S
d2S Tξboost(i)a n
a . (B.128)
For a tensor Tab whose trace is non-vanishing, curl (T )ab is not symmetric in general. Decom-
posing into symmetric and anti-symmetric parts and using integrations by parts, the following
conserved charges
Q[Tab, ξ
a
boost(i)] ≡
∫
S
d2S nbTabξ
a
boost(i). (B.129)
can also be expressed in two equivalent forms
Q[Tab, ξ
a
boost(i)] =
∫
S
d2S nbTabξ
a
boost(i) = −
∫
S
d2S nbcurl (T )(ab)ξ
a
rot(i) . (B.130)
In establishing this, we used curl (T )[ab] = −12ǫabcDcT .
To summarize, we have shown in equations (B.126) and (B.130) that charges associated
with any symmetric and divergence-free tensor are equivalent to charges associated with the
symmetrized curl of this tensor. In particular, this means that charges constructed using an
SDT tensor are equivalent to charges constructed using the curl of this SDT tensor. Also,
charges constructed with symmetric and divergence free tensors that have zero symmetrized
curl are automatically zero.
To finish this Appendix, let us briefly look at charges associated with translations. Given a
symmetric tensor Uab, it is easy to show that
curl (U)abζ
a
(i)n
b = Dc
(
ǫb
cdUadζ
a
(i)
)
nb. (B.131)
The r.h.s of this equation is a total divergence on the two-sphere. From Lemma 4 and (B.131)
it then follows that charges associated with translations constructed using an SDT tensor Tab
are simply associated with the coefficients of the four lowest harmonics ζˆ(i) given in (A.54),
Q[Tab, ζ
a
(i)] ≡
∫
d2STabζ
a
(i)n
b =
∫
d2S(DaDbζˆ + h(0)ab ζˆ)ζa(i)nb . (B.132)
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C Classification of Symmetric and Divergence-free Tensors
In this appendix we classify all Symmetric and Divergence-free (SD) tensors that one can build
from a quadratic expression in σ and its derivatives. We denote tensors X
[n]
ab with a superscript
[n] indicating the highest number of derivatives of σ that the tensor contains. We first prove by
induction in n that there is one and only one Symmetric, Divergence-free, and Traceless (SDT)
tensor at each order n ≥ 3 and none for n ≤ 2. This fact is then used to prove that at each odd
order n ≥ 3 any SD tensor is also SDT and that at each even order n ≥ 4 any SD tensor is a
linear combination of the unique SDT tensor and a tensor with vanishing curl. At order n = 2
the general SD tensor is a linear combination of a tensor whose symmetrized curl is SDT and a
tensor whose symmetrized curl is zero.
Let us begin with some definitions. A large class of SDT tensors can be formed by taking the
curl of symmetric tensors Mab obeying DbMab = DaM . Such SDT tensors will be called tensors
admitting a tensor potential. There can be SDT tensors that do not admit tensor potentials.
Such tensors will be called irreducible SDT tensors. An SDT tensor is therefore a combination
of an irreducible SDT tensor and an SDT tensor admitting a tensor potential. Non-trivial tensor
potentials are the ones for which the curl is non-vanishing. Primitive tensor potentials are tensor
potentials that are not curl of another tensor potential. There is an equivalence class of tensor
potentials that defines the same SDT tensor. Indeed, tensors potentials with vanishing curl
can be added to a non-trivial tensor potential but still define the same SDT tensor. We are
only interested in Representatives of Non-trivial Tensor potentials in these equivalence classes,
or RNT potentials in short. In summary, an SDT tensor is a combination of irreducible SDT
tensors and curl of RNT potentials.
Let us now start the inductive proof. A generic symmetric tensor containing zero, one or
two derivatives has the form
(aσ2 + bσcσ
c)h
(0)
ab + cσaσb + dσσab, (C.133)
for some coefficients a, b, c, d. One can easily show that there are no SDT tensors in this class.
However, there do exist tensor potentials of the form
P
[2]
ab ≡ aˆ
(
(5σ2 + σdσ
d)h
(0)
ab + 4σσab
)
+ bˆ(DaDb + h(0)ab )σ2. (C.134)
The curl of the second term in this expression is zero. Therefore, the unique RNT potential (up
to normalization) with at most two derivatives is given by (C.134) with aˆ = 1, bˆ = 0,
M
[2]
ab = (5σ
2 + σdσ
d)h
(0)
ab + 4σσab. (C.135)
Since this potential cannot be obtained as the curl of another RNT potential, it is a primitive
RNT potential. From this primitive RNT potential, one can build an SDT tensor with three
derivatives by applying the symmetrized curl,
X
[3]
ab ≡ ǫ cd(a D|cM
[2]
|d|b) = 4ǫcd(aσ
cσdb) = −4ǫcd(aσcE(1)db) . (C.136)
Note that X
[3]
ab is the right hand side of equation (3.33) and it also appears in the integrability
conditions (2.8). By a recursive application of the curl operator, one can build one SDT tensor
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at each order in derivatives. At next order, we have
X
[4]
ab = curlX
[3]
ab = (− 3)M
[2]
ab −DaDbM [2] +M [2]h
(0)
ab
= 2σcσ
ch
(0)
ab + 2σcdσ
cdh
(0)
ab + 2σabcσ
c − 18σ2h(0)ab − 18σσab − 6σc(aσ cb) . (C.137)
Note that X
[4]
ab is the right hand side of equation (3.36).
Now, it is easily proven that the only tensor structure X [2n+1] is
ǫef (aσb)ec1c2...cn−1σ
c1c2...cn−1
f (C.138)
up to terms containing σ with less derivatives than 2n+ 1. Using this tensor structure an SDT
tensor can be constructed. Therefore, there can be at most one independent SDT tensor at
order [2n+ 1], which is the one we would find by applying successive curls on M
[2]
ab .
An SDT tensor with an even number of derivatives [2n] has the form
ah
(0)
ab σc1c2...cnσ
c1c2...cn + bσabc1...cn−1σ
c1...cn−1 + cσac1...cn−1σ
c1...cn−1
b (C.139)
plus lower derivative terms. For n > 1, tracelessness and divergence free conditions require,
respectively,
3a+ c = 0, 2a+ b+ c = 0. (C.140)
As a result there is at most one SDT tensor X [2n] for n > 1. Therefore, we conclude that there
is one and only one SDT tensor for each n ≥ 3 and none for n ≤ 2. These are precisely the ones
constructed by applying successive curls on the primitive RNT potential (C.135). In particular,
there are no irreducible SDT tensors built from quadratic terms in σ. Therefore, the general
SDT tensor has the form
a(3)X
[3]
ab + a(4)curl (X
[3])ab + a(5)curl
2(X [3])ab + a(6)curl
3(X [3])ab + . . . (C.141)
for some coefficients a(i).
Finally, let us classify symmetric and divergence-free (SD) tensors with non-zero trace. With
at most two derivatives, one can construct from (C.134) the SD tensor P
[2]
ab − h
(0)
ab P
[2]
cd h
cd
(0). The
symmetrized curl of this tensor is zero when aˆ = 0. Therefore, any SD tensor, with at most two
derivatives, is the linear combination of a tensor whose symmetrized curl is zero and of the SD
tensor
κab = σaσb + h
(0)
ab
(
−1
2
σcσ
c +
3
2
σ2
)
(C.142)
where we chose aˆ = −1/4 and bˆ = 1/2 in (C.134) for convenience. At orders [2n + 1], n > 1,
there is a unique tensor structure (C.138) leading to an SDT tensor X [2n+1]. In particular, there
is therefore no further independent SD tensor. At even orders [2n], with n > 1, one can form
two independent SD tensors, (C.139) with 2a + b + c = 0. One can write such a tensor as the
SDT tensor X [2n] plus a tensor whose symmetrized curl is zero. Indeed, if the symmetrized curl
of the independent tensor was non-zero, there would be a new SDT tensor at order [2n+1] but
such a tensor does not exist. We thus see that SD tensors, which are not traceless, have a zero
symmetrized curl apart from the only linearly independent exception (C.142). This ends the
classification.
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